Abstract. Let A be a Banach algebra, X a closed subspace of A * , Y a dual Banach space with predual Y * , and π a continuous representation of A on Y . We call π subordinate to X if each coordinate function π y,λ ∈ X, for all y ∈ Y, λ ∈ Y * . If X is topologically left (right) introverted and Y is reflexive, we show the existence of a natural bijection between continuous representations of A on Y subordinate to X, and normal representations of X * on Y . We show that if A has a bounded approximate identity, then every weakly almost periodic functional on A is a coordinate function of a continuous representation of A subordinate to W AP (A). We show that a function f on a locally compact group G is left uniformly continuous if and only if it is the coordinate function of the conjugate representation of L 1 (G), associated to some unitary representation of G. We generalize the latter result to an arbitrary Banach algebra with bounded right approximate identity. We prove the functionals in LU C(A) are all coordinate functions of some norm continuous representation of A on a dual Banach space.
Introduction
For a (not necessarily involutive) Banach algebra A, the close connections between representations of A on the one hand, and elements of the dual space A * on the other hand, have been studied in several papers including Fell [17] , Bonsall and Duncan [4, 5] , Young [38] , Lau [28] , Kaijser [26] , Duncan andÜlger [15] , and more recently, Runde [32] and Daws [12] .
In this paper we shall continue the above studies by considering representations of A whose coordinate functions belong to some topologically (left or right) introverted subspace X of A * (for the undefined terminology used in the introduction, we refer to section 2). We shall call such representations subordinate to X.
The paper is organized as follows. In section 2 we review some basic definitions and preliminaries which are used throughout the paper. In section 3 we study the connections between representations of A subordinate to X and representations of X * . The main result of this section (Theorem 3.3) shows that if Y is a reflexive Banach space, then there exists a natural one-to-one correspondence between representations of X * on Y and the representations of A on Y which are subordinate to X. This result can be regarded as an extension to non-involutive Banach algebras, of the well-known correspondence between the representations of a C * -algebra and the representations of its enveloping von Neumann algebra (see Remark 3.4(2) ).
It is known that for an involutive Banach algebra A with bounded approximate identity, every positive linear functional on A is a coordinate function of an involutive representation on some Hilbert space (see for example, Dixmier [14, Proposition 2.4.4] ). Being a coordinate function of a representation on some Hilbert space, a positive linear functional is in fact weakly almost periodic by Young [38, page 102] or Filali-Monfared [18, Lemma 2.3] .
Our aim in section 4 is to extend the result on positive linear functionals to weakly almost periodic functionals on A. We shall consider representations that are subordinate to the space of weakly almost periodic functionals W AP (A). One of the earliest studies of a link between representations of A and the weakly almost periodic functionals is the paper of Young [38] . Young proved that a normed algebra A has a faithful continuous [isometric] representation on some reflexive Banach space if and only if the weakly almost periodic functionals of unit norm on A separate the points of A [comprise a norm-generating set] ( [38, Theorem 1] ). Also, implicit in the proof of the Young's theorem is the fact that all continuous representations of a Banach algebra on a reflexive Banach space are subordinate to W AP (A) (cf. [38, page 102] ). Our main result in section 4 is Theorem 4.4, which proves the converse of the latter result to the effect that if A is a Banach algebra with a bounded approximate identity, then every weakly almost periodic functional on A can be represented as a coordinate function of some continuous representation of A on a reflexive Banach space.
Section 5 is devoted to a study of representations that are subordinate to LU C(G) and RU C(G), for G a locally compact group, and more generally to LU C(A) and RU C(A), for A a Banach algebra.
Preliminaries
We follow the standard terminology of Banach algebras and representation theory given, for example, in Palmer [31] or Dales [9] . Suppose that A is a Banach algebra and Y is a Banach space and π : A −→ L (Y ) is a representation. If π is continuous with respect to the norm topologies of A and L (Y ), then we say that π is a continuous representation. 
Occasionally we shall need to consider anti-representations; these are linear maps
Our definitions of continuity and coordinate functions apply to anti-representations without change.
Given a Banach algebra A, we shall assume its dual space A * is equipped with its natural Banach A-bimodule structure. Let X be a norm closed A-subbimodule of A * . Given Ψ ∈ X * , λ ∈ X, we can define Ψ · λ ∈ A * by Ψ · λ, a = Ψ, λ · a . If Ψ · λ ∈ X for all choices of Ψ ∈ X * and λ ∈ X, then X is called a topologically left introverted subspace of A * . The dual of such a subspace can be made into a Banach algebra if for Φ, Ψ ∈ X * we define Φ2Ψ ∈ X * by Φ2Ψ, λ = Φ, Ψ · λ . In particular, by taking X = A * , we obtain the first (or the left) Arens product on
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A * * , defined by Arens in [1, 2] . If X is faithful (that is, a = 0 whenever λ(a) = 0 for all λ ∈ X), then the natural map of A into X * is an embedding, and we will regard A as a subalgebra of (X * , 2). The space X * can be equipped with the w * -topology σ(X * , X). It is well known (and easy to verify) that for each Φ ∈ X * , the map Ψ → Ψ2Φ, X * −→ X * , is w * -continuous. Right topologically introverted subspaces X of A * are defined similarly; for these spaces, X * can be equipped with the second (or the right) Arens product. A space which is both left and right topologically introverted is called topologically introverted. For more information see for example, Dales-Lau [10] .
As an example of a topologically introverted space we mention the space of weakly almost periodic functionals W AP (A), defined as the set of all λ ∈ A * such that the linear map 
Representations of the dual of introverted spaces
In this paper we shall be mainly interested in representations of Banach algebras on dual Banach spaces, and in particular, on reflexive Banach spaces. The following is the main definition of our paper. 
(ii) For every b ∈ A: Proof. Let us assume that X is topologically left introverted. It follows immediately from the definition that π is linear. To prove that it is a homomorphism, first we show that
In fact, for every a ∈ A:
where for the second equality we have used Lemma 3.2(ii). Therefore for all Ψ 1 , Ψ 2 ∈ X * , y ∈ Y , and λ ∈ Y * , we can write
The proofs of the remaining statements of the theorem are essentially straightforward verifications, and are omitted for briefness. 
which implies that π = T * . (2) Suppose that A is an Arens regular, involutive Banach algebra. It is wellknown (and easily verified) that the second conjugate-linear adjoint of the involution operator on A gives an involution on A * * (Civin and Yood [8,
• inherits the involution from A * * . If H is a Hilbert space, and π : A −→ L (H) is an involutive representation of A subordinate to X, then π is also an involutive representation of X * . A particular case of this situation is when A is a C * -algebra. Theorem 3.3 implies that any involutive representation π of A on a Hilbert space has an extension to a normal, involutive representation of A * * . This is the well-known normal extension of π to the enveloping von Neumann algebra of A (see Dixmier [14, (12 
The representation π may not be faithful even if π is faithful. As an example, consider the left regular representation π :
is not Arens regular); see Young [37] . Hence by the Hahn-
Weakly almost periodic functionals
Bonsall and Duncan have shown that if A is a unital Banach algebra, then each non-zero f ∈ A * can be represented as a coordinate function of some dual representation of A (in the sense defined in [4] ); in other words, there exist a Banach A-module pairing (X, Y, , ) and cyclic vectors x 0 ∈ X and y 0 ∈ Y such that f (a) = ax 0 , y 0 for every a ∈ A (see also Bonsall-Duncan [6, section 29] ). In this result, the representation space X is not necessarily reflexive, nor is the representation subordinate to any particular subspace of A * . In this section we shall be interested in representing weakly almost periodic functionals as coordinate functions of continuous representations on reflexive Banach spaces (Theorem 4.4). As we mentioned in the introduction, such representations are always subordinate to W AP (A). Our result strengthens Kaijser's result [26, Lemma 4.12] by replacing the identity of A with a bounded approximate identity.
We should note that our method of the proof of Theorem 4.4 has been inspired by the WAP-representation theorem of Megrelishvili [30, Theorem 4.6] , which deals primarily with the representations of topological semigroups (see also the expository paper of Galindo [20, Proposition 1.6 
]).
We start with a lemma which will be needed later. 
(ii) If A has a bounded right approximate identity, then every λ ∈ X is a coordinate function of the continuous anti-representation
Proof. (i) The fact that L is a representation and L ≤ 1 is straightforward to verify. Let (a α ) be a bounded left approximate identity of A, and let Φ 0 be any
(ii) If Ψ 0 is a w * -cluster point in X * of a bounded right approximate identity of A, then a · Ψ 0 = a, for all a ∈ A, and by a similar argument to that given in (i), Let W be a convex, symmetric, and bounded subset of a Banach space (X, · ), and let B X be the closed unit ball of X. For each n = 1, 2, . . ., the gauge · n of the set U n = 2
1/2 and we let Y = {x ∈ X : x < ∞} and B Y = {x ∈ Y : x ≤ 1}. We let j : Y → X be the natural embedding. The following result, which shall be needed for our next theorem, is due to Davis Proof. Let a ∈ A and μ ∈ Y . If t ≥ 0 is such that μ ∈ tU n , then μ ∈ 2 n tW + 2 −n tB A * , and therefore
It follows that a · μ n ≤ a t, and hence
Thus for every a ∈ A and μ ∈ Y , we have
The fact that π is a representation is now immediate.
Let (e α ) be an approximate identity for A bounded by r > 0. Then it is easily verified that e α · λ → λ in w * -topology of A * . Since λ ∈ W AP (A), for a suitable subnet of (e α ) we must also have e α β · λ → λ ∈ A * in the weak topology. Since {a · λ : a ∈ B A (0, r)} is convex, and the norm and weak closures of convex sets are equal (cf. [16, Theorem V.3.13]), we have
Let Φ 0 be a w * -cluster point of (e α ) in A * * . This is a mixed identity for A * * , and in particular, Φ 0 · a = a, for each a ∈ A. Let Φ 00 = Φ 0 | Y . Then Φ 00 ∈ Y * since for every μ ∈ Y :
In addition, if a ∈ A, then we have
Finally suppose that Y separates the points of A and for some a 0 ∈ A, π(a 0 ) = 0. Then a 0 · y = 0 for all y ∈ Y . Therefore y, aa 0 = 0 for all a ∈ A, and since A has a bounded approximate identity, it follows that y, a 0 = 0 for all y ∈ Y . Thus a 0 = 0 and π is faithful. The paper by Daws [12] is a study of the representations of dual Banach algebras on reflexive Banach spaces. Let us recall that a dual Banach algebra is a Banach algebra A such that there exists a Banach space A * with the properties that A = (A * ) * and the multiplication on A is separately w * -continuous (cf. Runde [32] 
Theorem 4.6 (Daws). Every dual Banach algebra is isometrically isomorphic to a closed subalgebra of L (Y ), for some reflexive Banach space Y .
Proof. Let A be a dual Banach algebra with a predual A * . Since the unitization of a dual Banach algebra remains a dual Banach algebra, we may assume with no loss of generality that A is unital. 
with λ ∈ W AP (A). Then Y is a reflexive Banach space and Y
Then T is a continuous linear map with T ≤ 1. By Theorem 4.4, the map T is surjective. We claim that the adjoint map
is an isometric algebra homomorphism. To prove this claim, first we show that given ν ∈ W AP (A)
In fact,
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which proves (6). To prove (7), we note that for every a ∈ A, we have
which completes the proof of (7). Now we can verify
* . In fact, for all y ∈ Y and φ ∈ Y * , we have
* . Let e be the identity of A and let j λ : Y λ −→ A * be the natural inclusion map (see the discussion following Lemma 4.3). Let e λ = j * λ (e), so that e λ is the restriction of e to Y λ , when e is viewed as an element of A * * . Since j λ ≤ 1, it follows that e λ ≤ 1. Let > 0, and pick λ ∈ W AP (A) such that
and thus
Since > 0 was arbitrary, we have shown that T * μ ≥ μ , which leads to our claim that T * is an isometry. 
that is, λ = π y,f , which is what we wanted to show.
LUC and RUC-representation theorems
Let G be a locally compact group. We recall that the space of left uniformly continuous functions on G, denoted by LU C(G), consists of all bounded continuous functions f on G for which the left translation map G −→ C b (G), a → a f , is continuous. The space RU C(G) is defined similarly. These spaces are special cases of the spaces LU C(A) and RU C(A) (section 2); in fact, Lau [28] has shown that for a locally compact group G, we have LU C(
In this section we shall consider representations that are subordinate to the space LU C(G), or more generally, to LU C(A). (For a recent study of unitary representations whose coordinate functions vanish at infinity, see Ghandehari [22] ). In Theorem 5.2 we show that to every continuous unitary representation of a locally compact group G on a Hilbert space H (cf. Hewitt-Ross [24, (22.9) , (22.20) 
which is subordinate to [RU C(G)] LU C(G).
The converse of this result will be proved in Theorem 5.3.
The following result was proved for the left regular representation of G on L 2 (G) by Størmer [35] when G is abelian, and by Ghahramani [21] for general locally compact groups. Both Størmer and Ghahramani showed that the associated representation to the left regular representation is an isometry. This is of course not true in general.
is a continuous representation with π ≤ 1.
is a continuous anti-representation with π ≤ 1.
The integrals appearing in (8) and (9) are operator-valued, and the identity (8) (and those similar to it) is to be interpreted as
For a brief review of these integrals see Folland [19, Appendix 3] , and for a more detailed treatment, Bourbaki [7, Section VI.1.3].
Proof. Let μ, ν ∈ M (G) and T ∈ L (H). Then
That is, π ≤ 1. The proof of (ii) is similar.
In the following, we shall call π and π given in (8) and (9) and their restrictions to L 1 (G), the conjugate representation and anti-representation associated with V . We recall that the predual of L (H) is the space L (H) * ∼ = H ⊗H, where ⊗ denotes the project tensor product.
Theorem 5.2. Let V : G −→ L (H) be a continuous unitary representation, and
(ii) π and π are subordinate to LU C(G) and RU C(G), respectively.
Proof. We give the proof for π and leave the verification of the statements for π to the reader.
(i) Since π is continuous, it follows that
from which (i) follows.
(ii) For each t ∈ G, let us define
and hence i f i is uniformly and absolutely convergent in C b (G). So if we show that f i ∈ LU C(G), it will follow that π T,T * ∈ LU C(G). Let x, y ∈ H and define f (x) = T V (t) * x|V (t) * y . If (s α ) is a net in G and s α → e, then we need to show that s α f − f → 0. We have
Next we prove a converse of Theorem 5.2.
Theorem 5.3. Let G be a locally compact group. Then every function in [RU C(G)] LU C(G) is a coordinate function of the conjugate
, associated with the left regular representation of G, as defined in (8) and (9) .
Proof. First let f ∈ LU C(G). Using the identity
Therefore, to prove (12) , it remains to show that for almost all t ∈ G,
Given t ∈ G, we can write
which proves (13) , and hence (12) .
we can choose φ, ψ, and T * , as before, and let
be the conjugate anti-representation associated to V . Then, by an argument similar to the one given above, one can show that π M g ,T * = f , as required.
As kindly pointed out by the referee, it would be interesting to know if Theorems 5.2 and 5.3 can be extended to LU C(G) or RU C(G) for a general topological group G. In this regard see the recent study of Lau and Ludwig [29] .
Next we turn our attention to the space of left uniformly continuous functionals LU C(A). We shall present a class of representations of A that are subordinate to LU C(A), and moreover, we shall show that every element in LU C(A) is a coordinate function of one such representation. 
is a continuous representation of A subordinate to LU C(A).
Proof. We give the proof for π θ ; the proof forπ θ is similar. Clearly π θ is a linear map; moreover, for all a, b ∈ A,
which shows that π θ is a homomorphism; in addition,
and hence π θ ≤ θ , that is, π θ is a continuous representation. It remains to show that π θ is subordinate to LU C(A).
We may consider A as a Banach right A-module with the product b·a := θ(a)b. Since θ is non-degenerate, it follows that the linear span of the set {b·a : a, b ∈ A} is norm dense in A, and hence by Cohen's factorization theorem (Hewitt-Ross [25, Theorem 32.23]), for each a ∈ A, we may find a , a ∈ A such that a = a · a = θ(a )a . Therefore, writing a 1 = θ(a 1 )a 1 , and continuing from (14), we have Let (A op , * ) be the opposite algebra to A (that is, a * b = ba). Then by applying the above theorem to A op and using the fact that LU C(A op ) = RU C(A), we obtain the following corollary. By applying the above theorem to the opposite algebra A op , we obtain the following analogous result for RU C(A). 
